
SOC Lecture 2 Notes
Question

- What is the right notion of same -ness ofmathematical objects ?
Structure Preservation

Consider
"

the integers
"

2
22
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22 looks just like a stretched

,

relabeled version of 2

- object identities within a structure are less important than

the relationships between them

- Stretching expresses a way to transition (morph) one structure into

another without disturbing its essential nature [• rdering) .

Def' : A ⇔ (G. ◦
,

e) consists of a set G
,
an operation

◦ : 4×9 → G

and an identity element EEG
,
such that
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Vx c- GFYEG Koy =y•x=e ( Inverses)

Def
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A function between
groups f : G → H is a homomorphism
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is a group homomorphism .

(so is a → -2A )
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✗ 1-> ex

is
a group homomorphism ( ext> = e ' .es )



Def
"

A morphism f : A -313 in a category is an isomorphism
if there exists g :B

→A such that

fog -_ id, gof -_ ida

ida@A 32 idrs

%

Notice that preservation of structure is essential

Example f : 2/22 ✗ I/22 → 2/42

(x, >)→ 2x ty

(o.o )-o f is bijective as a function
10,17- > I

11,0) -72

11
, 1) -33

But facts about 2/22×2/22 don't translate into 2/42 -facts
( o , 1) 2-51

+ +

10 , 1)C-I ftp.ntfo.i ) ) = 2 =
" "

(o.o) C-✗→ 2

"

There exists an element
,

when doubled
, gives the identity

"



We can usually guess definitions

- Groups have : multiplication
, identity element , so morphisms of

groups should preserve them

from = frm ◦fry) (f :C→H)
flea ) = EH

- Vector spaces have addition
,
scalar multiplication

⇔.

✓
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• Iz fez) • •frizz

forty)=f(2) +fry)
f /Iz) = ✗f.(E)

- categories have : composition
,
identity morphisms

Def
'
: A functor F : e - > D between categories consist of

• A function F : Ob (e) → Ob (D)
• For every pair of objects X, Y c- Ob (e) , a function

II.y : Hom (KY)→ Hom (FX, FY) satisfying . . _
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• If f : ✗→ Y and g :Y→2
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Examples

(1) F : Set→ Set

✗1- ✗ It {* }

(f. ✗→Y)- (Ff :
✗ 4- {* } → Y1{so})or→ free)
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(2) F : ¢ - treat→ E- Vet
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f*(b) = hof f# * (4) (h ) =(Y◦f*) /h ) = Uf*k))
= 41h of)


